Orders of Magnitude Calculations– Particularly for Gold

Activities developed by Jonathan G. Price and Elisabeth M. Price, 

for the Nevada Mining Association’s Teachers Workshops, 29 February 2008

These activities can be combined with an activity (“How Much Gold Is There?” or “How Much is Dissolved”) that helps the students understand how big the number one million is, what concentrations in parts per million mean, and what powers of 10 and orders of magnitude mean.
1. AN INDUSTRIAL, GREEN USE FOR GOLD.  1.A. Gold coatings on windows save energy by reflecting infrared (heat), making it cheaper to air condition a building in the summer and cheaper to heat it in the winter.  How much gold does it take to coat the windows for heat-reflecting, energy-savings on a building?  As an example, the soon-to-be-built Great Basin Science Sample and Records Library will have gold coating on 26 windows, each 4 feet by 6 feet in size, and on a vestibule with glass covering an area of 20 feet by 20 feet.  B. What is the value of that amount of gold?  C. When the film of gold is thin, it transmits most of the visible light but reflects a large amount of the infrared radiation.  How many atoms thick is the gold coating?  D. What is the value of the gold coating on the windows of the Mandalay Bay casino in Las Vegas, or some other building known to the students?
2. ALL THE GOLD IN THE WORLD.  2.A. How much gold is there in the world?  One way of addressing this question is to estimate how much is in the entire Earth, assuming that the concentration of gold in the whole Earth equals that of Type C1 carbonaceous chondrites, meteorites that are thought to represent the bulk composition of the solid material in the solar system.  B. How much gold is in the crust of the Earth, assuming that the density of the crust is about the same as the density of basalt?  C. If you could extract all the gold from the crust of the Earth, how much would it be worth?  D. What is the value of all the gold that has ever been mined on Earth plus all the gold that has been discovered and is accounted for as reserves?  E. If all this gold were put into one cube, how big would it be on a side?  F. How efficient is the process that forms major ore deposits, such as the gold deposits found in Nevada?  Most ore-forming processes concentrate elements, such as gold, by dissolving (or melting into a magma) elements from more-or-less normal rocks then precipitating the element in a concentrated form at a specific location (an ore deposit).  In other words, how much more concentrated is gold ore than, say, the crust of the Earth?
3. A PROFITABLE GOLD MINE  3.A. How big must a gold deposit be to be profitable?  To get an order-of-magnitude answer for this question, start with the following assumptions.  To build a mine and associated processing facility, a company typically must invest at least $500 million for exploration, mining equipment, processing facilities, reclamation bonds, and other costs.  Much of this money is expended before any gold is extracted and sold; it can take ten years or more from the initial discovery of an ore deposit to the time when gold is produced.  One way of restating this question is to ask: how many tons of ore must be mined and processed, such that the gold sold will pay off the initial investment of $500 million plus interest, assuming that 95% of the gold in the ore can be recovered, that we are dealing with typical Nevada open-pit gold ore (with a grade of 2.4 parts per million), and that you can borrow $500 million at an interest rate of 5% per year with no payments until after 10 years?  
3.B. The figure calculated in 3.A is a minimum, because we haven’t factored in actual mining and processing costs.  Typical open-pit mining costs are $5/ton for overburden (rock that is on top of the ore, usually unmineralized, such as alluvial gravel or volcanic rock that buried the ore deposit) and $10/ton for ore (the material that can be processed to extract the gold profitably) and waste rock (material that is mixed in with the ore and must be separated before processing; it is often mineralized but too low grade to be processed profitably at this time, but might be valuable in the future, if the price of gold increases faster than the cost of mining and ore processing).  The cost for processing the ore on a heap leach pad typically is another $15/ton.  For a typical open-pit mine, we can further assume that the tonnage of overburden is two times the tonnage of ore, and that the tonnage of waste rock is equal to the tonnage of ore (that is, once exposed to the level of the ore deposit, the pit will remove half ore and half waste rock.). The question now becomes: how many tons of ore must be mined to cover the initial investment plus the mining and processing costs? 
3.C. The figure calculated in 3.B. is still a minimum, because we haven’t factored in costs of reclamation (returning the land to beneficial use – either close to its pre-mining condition and use or to some other good use, such as an area for solar panels or wind turbines for renewable electrical power generation).  For this calculation, we need to know the geometry of the pit that will be dug to mine the ore, waste rock, and overburden and the geometries of the three piles of rock: overburden, waste rock, and heap leach pad (for leaching gold from the ore), all of which must be reclaimed.  The mining company will also need to reclaim the land covered with offices, mechanical shops, and processing facilities for making doré, the unrefined gold-silver alloy that is generally produced at a gold mine.  Let’s assume that the area covered by these facilities is equal to the area of the pit, and that the reclamation cost for these facilities is $3,500 per acre.  Let’s further assume that the densities of the ore and waste rock are both about the same as granite, 2.8 t m-3, but that the density of the overburden is less, say 2.5 t m-3, and that the thickness of the overburden is 100 meters.  Once the rock is mined, broken down in size (from blasting and possibly from crushing in the pit), and piled onto the heap, overburden pile, or waste-rock pile, it is no longer as compact as the original rock; we can assume that the bulk material in the pile has increased in volume by 25% (or that its density has decreased by a factor of 1.25, to 2.24 t m-3 for the heap and waste-rock piles and 2.00 t m-3 for the overburden piles.  Let’s also assume that the heaps have heights of 60 meters, that the overburden piles and waste-rock piles have heights of 90 meters, and that all three types of piles have rectangular solid shapes.  Finally, let’s assume the following costs for reclamation: $2,000 per acre for areas stripped of overburden (which includes the footprint of the ore deposit – this might be left as an open pit, but there will be costs to prevent people and animals from inadvertently falling into the pit and for monitoring and controlling water quality, should the pit fill with water), $2,400 per acre for overburden piles, $3,000 per acre for waste-rock piles, and $4,000 per acre for heaps (a higher cost, because concentrations of residual cyanide in water in the heaps needs to be lowered below harmful levels).  The question now becomes: how many tons of ore must be mined to cover the initial investment plus the mining, processing costs, and reclamation costs?
3.D. How do the expected reclamation costs compare with hypothetical costs of backfilling the open pit?  Figure that it would cost $2 per metric ton to load the broken rock from the heaps, overburden piles, and waste-rock piles onto trucks and dump it back into the pit, eventually building a mound (because of the loose rock will have a larger volume than it did when initially in the ground).  What are the pros and cons of backfilling pits?
3.E. What is the pre-mining footprint of the ore deposit (ore plus waste rock) in the ground?  As an approximation, assume that the volume of ore plus waste rock has a square footprint and a thickness of 300 meters.  Under what circumstances might underground mining be preferred over open-pit mining, and vice versa?
3.F. What are some of the most critical factors affecting the profitability of a gold mine?
4. THE VALUE OF ROCK  4.A. What is the value of the contained gold in typical Nevada ores?  
B. How does that value compare with value of crushed rock that is used in concrete for construction?
5. THE VALUE OF GOLD.  Why is gold more valuable than silver?
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Some Conversion Factors

1 metric ton = 103 kg = 106 g = 1.1023113 short ton = 2.2046226 x 103 pounds (avoirdupois) 

= 3.21507 x 104 troy ounces

1 pound (avoirdupois) = 16 ounces (avoirdupois) = 14.5833 troy ounces = 453.592 grams

1 troy ounce = 31.1035 grams

1 troy ounce per short ton = 34.2857 grams per metric ton = 34.2857 parts per million (by weight)

1 meter = 3.2808 feet
1 acre = 43,560 square feet = 4,047 m2 = 0.4047 hectare
Some Handy Numbers to Know About the Earth and Gold
Radius of the Earth (if it were a perfect sphere) = 6.3712 x 106 m = 6,371.2 km

Thickness of the Earth’s crust (average) = 3 x 104 m = 30 km

Volume of a Sphere = 4/3πr3, where r = radius

Densities (in g cm-3 = metric tons per cubic meter = t m-3

Gold


19.3


Silver


10.5

Overburden in ground

2.5

Basalt (~Earth’s crust)
3.0

Overburden in pile

2.0

Granite


2.8

Crushed granite in pile

2.24

Earth (the planet)
5.517

Atomic weight of gold = 196.967 grams per mole.      Avogadro’s number = 6.02 x 1023 atoms per mole.
Crystal structure of gold = face-centered cubic with 4 atoms in a unit cell with length = 4.0781 x 10-10 m.
Concentrations of Gold (Au) and Silver (Ag) in Materials (in parts per million by weight
= grams per metric ton = g t-1 = tons of metal/106 tons of rock)







Gold (Au)
Silver (Ag)


Average Basalt




0.003

0.1


Average Granite



0.0023

0.037


Average Crust of Earth



0.004

0.07


Average C1 Carbonaceous Chondrite (~Earth)
0.152

0.182


Typical Nevada open-pit gold ore

2.4


Typical cut-off grade for open-pit gold ore
0.343


Typical Nevada underground gold ore

12


Typical cut-off grade for underground gold ore
3.429

Some Other Useful Numbers

    Amount of Gold Mined (in metric tons, t)

Total (all time)

In 2007

World




~157,000

~2,500


USA




  ~16,480

   ~240

Nevada




    ~5,466

   ~190

    Amount of Gold Reserves Not Yet Mined: 42,000 metric tons

    Thickness of gold on heat-reflecting windows ~ 1.73 x 10-8 m

    Current value of gold: ~$900 per troy ounce.         Current value of silver: ~$17 per troy ounce.
References: U.S. Geological Survey website (www.usgs.gov); Nevada Bureau of Mines and Geology website (www.nbmg.unr.edu); Krähenbühl, U. et al., 1973, Abundance of 17 trace elements in carbonaceous chondrites, Geochimica et Cosmochimica Acta, v. 37, no. 5, p. 1353-1370; Rose, A.W. et al., 1979, Geochemistry in Mineral Exploration, Academic Press, 657 p.; Mason, B., 1966, Principles of Geochemistry, John Wiley & Sons, 329 p.; Newmont website (www.newmont.com); Kitco website (www.kitco.com).

Answer Key (rounding to two or three significant figures)
Students can attack these problems in various ways.  Here are some approaches and some points for discussion.

1.A. [26 windows x (4 ft x 6 ft)/window + 20 ft x 20 ft for the vestibule] x (1 m/3.2808 ft)2 x 

[1.73 x 10-8 m thick gold coating] x 19.3 metric tons/m3 x 3.21507 x 104 troy ounces/metric ton =

1.02 troy ounces, rounded to 1.0 ounce
1.B. 1.02 troy ounces x $900/ounce = $920 ($919 if carried to three significant figures)
1.C. 1.73 x 10-8 m thick gold coating x 2 atoms/(4.0781 x 10-10 m)3 = 85 atoms thick.  (A face-center cube will have two atoms per unit-cell length (one on the face and two halves sharing the edges of the cube, projected along the direction of the thickness).
1.D. Using a similar logic as in the previous questions, estimate the area of gold-coated glass on the building, then multiply by the thickness, density, and value.

2.A. 4/3π(6.3712 x 106 m)3 of Earth x 5.517 tons of Earth/m3 of Earth x 152 tons of Au/109 tons of Earth = 9.08 x 1014 tons of Au in the Earth.
2.B. 4/3π[(6.3712 x 106 m)3 – (6.3712 x 106 m – 3.0 x 104 m)3] x 3 tons of rock/ m3 of rock x 

4 tons of Au/109 tons of rock = 1.83 x 1011 tons of Au in the rock of the Earth’s crust

2.C. 1.83 x 1011 tons of Au x 3.21507 x 104 troy ounces/ton x $900/ounce = $5.3 x 1018 = 

$5.3 x 106 trillion, a lot more money than is currently in circulation.
2.D. (157,000 tons + 42,000 tons) x 3.21507 x 104 troy ounces/ton x $900/ounce = $5.8 x 1012 = 


$5.8 trillion (or about $860 for each of the 6.7 billion people on Earth today).
2.E. [(157,000 tons + 42,000 tons) x 1 m3/19.3 tons]1/3 = 21.8 m on a side.

2.F. At the low end, 0.343 grams of gold per ton of ore/0.004 grams of gold per ton of average rock in the Earth’s crust = 86 times more gold in low-grade ore than in average rock.  At the high end, 12 grams of gold per ton of ore/0.004 grams of gold per ton of average rock in the Earth’s crust = 3000 times more gold in average high-grade ore than in average rock.
3A. Let T = total number of metric tons of ore that needs to be mined from the deposit.  We can set up an equation that equates the value of gold recovered with the expenses that are needed to recover the gold.

T x (2.4 x 10-6 tons of gold in ore/ton of ore) x (0.95 tons of gold recovered/1 ton of gold in ore) x 


3.21507 x 104 troy ounces of gold/metric ton x $900/troy ounce of gold = $5 x 108 x (1.05)10
Solving for T, T = 1.23 x 107 metric tons of ore

As an aside, note that (1.05)10 = 1.63.  In other words, 10 years’ worth of 5% interest adds 63%.  Instead of just needing to recover $500 million worth of gold, the mine needs to recover at least $814 million.  Another way of looking at this is that the company could have invested its $500 million at 5% interest, and after 10 years, it would have earned $314 million on its investment, leaving $814 million.

3B. The equation is now a bit more complicated but it still sets up such that we equate the value of gold recovered to the expenses that are needed to recover the gold.

T x (2.4 x 10-6 tons of gold in ore/ton of ore) x (0.95 tons of gold recovered/1 ton of gold in ore) x 


3.21507 x 104 troy ounces of gold/metric ton x $900/troy ounce of gold = $5 x 108 x (1.05)10

+ T x (2 tons of overburden/ton of ore) x $5/ton of overburden 

+ T x 2 x $10/ton (for mining ore plus waste rock)


+ T x $15/ton (for cost of processing the gold ore)

Solving for T, T = 3.88 x 107 metric tons of ore

Note that the value of the gold sold is now $2.56 billion.

3.C. We now have to add the costs for reclamation.  An intermediate step would be to figure out the areas of the pit and three piles.

The area of facilities (processing, mechanical shops, offices) = same as the pit area = 

T x (2 tons of overburden/ton of ore) x (1 m3/2.5 tons)/100 m

The pit area = volume of overburden / thickness of overburden = 

T x (2 tons of overburden/ton of ore) x (1 m3/2.5 tons)/100 m

The area of heaps = volume of ore/height of heaps = T x (1 m3/2.24 tons)/60 m

The area of overburden piles = volume of overburden piles / height of overburden piles =

T x (2 tons of overburden/ton of ore) x (1 m3/2.00 tons)/90 m

The area of waste-rock piles = volume of waste-rock piles / height of waste-rock piles =

T x (1 ton of waste rock/ton of ore) x (1 m3/2.24 tons)/90 m

Starting with the equation from 3.B., we now add the costs of reclamation, with the areas above in brackets in the equation below:

T x (2.4 x 10-6 tons of gold in ore/ton of ore) x (0.95 tons of gold recovered/1 ton of gold in ore) x 

        3.21507 x 104 troy ounces of gold/metric ton x $900/troy ounce of gold = $5 x 108 x (1.05)10
     + T x (2 tons of overburden/ton of ore) x $5/ton of overburden 

     + T x 2 x $10/ton (for mining ore plus waste rock)

     + T x $15/ton (for cost of processing the gold ore)

     + [T x (2 tons of overburden/ton of ore) x (1 m3/2.5 tons)/100 m] x ($3500/acre) x acre/4.047 x 103 m2
     + [T x (2 tons of overburden/ton of ore) x (1 m3/2.5 tons)/100 m] x ($2000/acre) x acre/4.047 x 103 m2
     + [T x (1 m3/2.24 tons of ore on heap)/60 m] x ($4000/acre) x acre/4.047 x 103 m2
     + [T x (2 tons of overburden/ton of ore) x (1 m3/2.00 tons)/90 m] x ($2400/acre) x acre/4.047 x 103 m2
     + [T x (1 ton of waste rock/ton of ore) x (1 m3/2.24 tons)/90 m] x ($3000/acre) x acre/4.047 x 103 m2
Solving for T, T = 3.89 x 107 metric tons of ore 

Note that the value of the gold sold is $2.57 billion, when rounded to three significant figures.  

3.D. The cost of backfilling the pit is estimated as 4 x T x $2/metric ton = $311 million.  (The factor of 4 is accounting for the ore (T), waste rock (=T), and overburden (=2 x T).

The costs of reclamation in this calculation are relatively minor, about $1 million, relative to the cost of backfilling.  The reclamation costs are summarized in the table below:

Mass (metric tons)
Reclamation Area (m2)

Reclamation Cost

Facilities

0


3.11 x 105


$2.69 x 105
Pit area


0 (mined out the pit)
3.11 x 105


$1.54 x 105


Heaps


3.89 x 107

2.89 x 105


$2.86 x 105


Overburden piles
7.78 x 107

4.32 x 105


$2.56 x 105


Waste-rock piles
3.89 x 107

1.93 x 105


$1.43 x 105


Totals


1.56 x 108

1.54 x 106


$1.11 x 106
The average reclamation cost is $0.72/m2 or ~$2,900/acre.  The total reclamation area is 154 hectares (381 acres).

Pros of backfilling pits include:

· putting most of the rock that was removed more or less back where it was before mining, thereby limiting the amount of new piles

· sealing off the waste rock and possibly the leached ore to prevent it from interacting with air and rainwater

· sealing off municipal and industrial or other waste materials along with the overburden and waste rock.

Cons of backfilling pits include:

· costs relative to other approaches to reclamation, thereby increasing profits for the company, job opportunities for employees and others in the community, and taxes for local, state, and federal governments

· preventing, or making much more expensive, future mining of currently subeconomic mineralized rock on the walls or at the bottom of the pit or lower underground, where it could be more economically accessible from declines rather than from shafts at the surface

· preventing, or making much more expensive, processing of low-grade waste rock, which may become economical when prices rise 

· possible contamination of groundwater as it interacts with rock that has been returned to the pit, generally with more pore space

3.E. The area of the pre-mining footprint of the ore plus waste rock in the ground 


 = T x 2 x (1 m3/2.8 tons)/300 m = 9.25 x 104 m2 (that is, 9 hectares or 23 acres)

This is 6% of the total reclamation area.  
Underground mines often have a smaller footprint for reclamation than open-pit mines, because there is typically no overburden, and some of the waste rock and ore after processing can be returned underground, cemented together, and used for ground control (to prevent openings from collapsing).
Underground mines are generally preferred when 

· costs of mining overburden and waste rock are so large that profits are marginal for open-pit mines

· ores are higher grade than open-pit mines

· open-pit mines are not permitted (because of conflicts with other uses of the surface)

· a smaller footprint, than would be possible for open-pit mines, is needed during operations or in reclamation.

Open-pit mines are generally preferred when

· ore deposits are close to the surface, such that there is little overburden (this also means that gold can be produced early in the mining process)

· ore deposits can be more efficiently produced (allowing lower-grade mineralized rock to be processed rather than considered waste rock)

· underground conditions are unsafe

3.F. Some of the most critical factors affecting the profitability of a gold mine are those that can vary significantly in the equation in part 3.C., including:

· grade of the ore (which can vary by a factor of 100 or more, from low-grade, open-pit, heap-leach ore to high-grade underground ore

· size of the ore deposit (which can vary by a factor of 104, from a few thousands of tons for small mines to hundreds of millions of tons)

· price of gold (which in recent years has varied by a factor of nearly 4)
· mining and processing costs (which can vary by a factor of 10, which are dependent on such factors as depth and geometry of the ore deposit, mineralogy and texture of the ore – particularly how finely the rock needs to be crushed to achieve reasonable recovery)

Many other factors tend to make a difference, but don’t typically vary by the extreme amounts that grade, size, price change, and mining costs change.  These include

· recovery during mining and ore processing (typically in the 50 to 95% range)

· reclamation costs

· up-front capital costs for the initial investment, which can vary widely but are generally also related to the overall size of the deposit.
4.A. 
Typical Nevada open-pit gold ore:


$69/metric ton =

2.4 tons Au/106 tons of ore x (3.21507 x 104 ounces of Au/ton Au) x $900/ounce of Au 

Typical cut-off grade for open-pit gold ore:

$9.90/metric ton =
0.343 tons Au/106 tons of ore x (3.21507 x 104 ounces of Au/ton Au) x $900/ounce of Au 

Typical Nevada underground gold ore


$350/metric ton =

12 tons Au/106 tons of ore x (3.21507 x 104 ounces of Au/ton Au) x $900/ounce of Au
Typical cut-off grade for underground gold ore

= $99/metric ton

3.429 tons Au/106 tons of ore x (3.21507 x 104 ounces of Au/ton Au) x $900/ounce of Au
4.B. Crushed rock sells in Nevada for approximately $6.61 per metric ton ($6.00 per short ton).  (This figure can be found on line at www.nbmg.unr.edu in the Nevada Bureau of Mines and Geology publications on the Nevada Mineral Industry, with the most recent statistics for 2006.)  Understandably, the cheapest gold ore has a value greater than that of crushed rock, because the gold ore must also be mined and crushed before its gold is extracted.
5. Gold and silver are chemically similar (which means that they commonly occur together in nature and during ore processing); both have industrial uses; and both have value as money.  However, at current prices, gold is worth about 50 times the same weight of silver.  One of the main reasons why gold is more valuable is that it is rarer.  That is, silver is more abundant than gold in common rocks by factors of between 16 (for granite) and 33 (for basalt).
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